with fg (1) denoting the exact temperature, ¢ denoting the magnitude of the entered relative
error, and § denoting a random number generated by the random numbers generator to simulate
the fluctuation errors of measurements. An analysis of these results confirms the effective-
ness of the regularization algorithm and the reliability of the solution. A solution with
extrapolation can, however, be recommended only for slowly evolving thermal processes, In-
creasing the relative error of input temperatures does not give rise to any other singular-
ities in the solution to a reverse heat-conduction problem. As the analysis of results (Figs.
1 and 4) indicates, however, an inaccurate stipulation of the boundary condition for the reg-
ularizing spline gives rise to appreciable errors in the retrieved boundary functions within
a finite time interval. In our case the condition Sy'(b) = O was stipulated for the spline,
this being correct for steady-state thermal conditions. At the end of the interval, there-
fore, this condition should correspond to steady-state thermal conditions.

NOTATION

T, temperature; t, time coordinate; x, space coordinate; and a, thermal diffusivity.
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ESTIMATES OF THE VALIDITY RANGE FOR THE HYPERBOLIC EQUATION OF
HEAT-CONDUCTION IN HOMOGENEOUS SYMMETRIC CONTINUOUS BODIES

K. V. Lakusta and M. P. Lenyuk ' UDC 536.24,02

Estimates are made of the geometrical dimensions of symmetric continuous bodies,
the temperature fields within which can be described by, respectively, the hyper-
bolic or the parabolic heat-conduction equation.

The phenomenclogical heat-conduction theory has been developed in & formulation uniform
with respect to geometrical variables [1l]. An analysis of heat and mass transfer, especially
when the process is nonsteady and very intensive, leads to a hyperbolic heat-conduction equa-
tion and has served as a basis for a dynamic heat-conduction theory {2].

The problem of determining the structure of the temperature field in homogeneous sym-
metric continuous bodies reduces, within the dynamic theory of heat conduction, to that of
finding within the region D = [0, t.] x @ = {(t, 1), 0<t<t,, O0s7r=< R} a bounded and
sufficiently smooth solution to the equation [2]
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We will introduce into the analysis the Hankel finite integral transformation H, and

the inverse finite integral tramsformation (H,,)~!, both of the first kind, according to the
rules

R
Ho JIf (1= \'f( o (r)r?Hdr = [, (&)
11 = 3 e =10 )
v U TN
respectively, where )lnp are roots of the transcendental Bessel equation of the first kind
My (AR) 4 81,y (AR) = 05 (B, 4 (AR)-—RA 1, s (WR) = 0), (6)
and where
1
“Jv.v()‘nR)‘z = ; RAVHD J% v(}"nR) + A RZJV+1 v i (}"nR)j ; (7

1s the norm squared, with J,  (x) = x VJy(x); and J,(x) is the Bessel function of the first
order of argument v [3].

Equation (&) indicates that, with a boundary condition of the second kind (8 = 0} stip-
ulated at the surface r = R, it has the root A = 0 (eigenvalue)}. Then series (3) becomes

O e 1 R
[,fo‘{‘%fnm}, To #-:(}f(r)r Hldr,

The operator H,, establishes a correspondence between problem (1)-{3) and the problem
of integrating the ordinary differential equation

1 4T, 1 dT,

kRz(v+1)

- n ;\‘QT — nt | R2V+IJVV }\‘nR {
Tt T RO (1R o )
for the initial conditions
daT, |
Toli=0 = &in, —n = Eon-
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Letting

Tn (t) = An (t) + & + tg2n: (8)

we obtain for the new sought functiom A, (t) The problem

dZAn, Cg dAn

pT 1'—7 — Tl A = gn(t)e (9)
Ao =0, 20 10

with the functions

(t) - /n (t) + RQV_HJV v (7“ R) g3 (t) 2n ,%(gm + thn)
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Q

Since the Cauchy function in problem (9)-(10) is [4]
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hence the solution to problem (9)-(10) will be the function
t—7
27,
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By virtue of Eq. (9), moreover, we have the identity

& 2 g
(aTz + {Z"_—dt—) Ky (t) = — g b (1), 13)

and by virtue of the properties of function Jy,y the identities
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Application of operator H;iv to expression (8) according to rule (5) yields the solution to
the original problem, which can be put in the form

T(r, )= Ry (r, 1)+ Ro(r, ) + R, (7, ) + R, (1 1),

where
ng—1 ©
Ry(r, )= 3 4,0 X () + 3 g4 (1) Xn (1)
n=0 n=0

for all n for which 65 > 0, and Ro(r, t) = Ano(t)Xng(r) when there exists an ny such that
8 = 0, and
N, ’

R ()= Am&m+g®wmm>

n=n,+1

for all n < mo for which 85 < O (Rph, Ro, and Ry, denoting, respectively, the parabolic—
hyperbolic part, the transitional part, and the hyperbolic part of the solution to problem
(1)-(3)), and

oo

R, =3 An(®Xa ()

n=mgy+1

is the remainder of the series with number mo defined by the condition

oo

3 140X <o

n=m,+1
for all t € [0, =), and with eo denoting an arbitrarily small positive number so that
Xn(r) — JV.V (A«nr) .
1y v(Anr)li?

We will use function (11) as the basis of the validity criterion for describing the thermal
state of symmetric continuous bodies with a radius R by the hyperbolic heat-conduction equa-
tion.
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For boundary-value problems I and II, the transcendental Bessel equation {(6) becomes,
respectively,

Joy(MR) =0, AJ; (AR) =0.
The roots of these equations are [5]

. bi(n) . ;\‘1[ — b2(n) , (14>
9 n R

where
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Let §p > O for 2ll n. Then
2> 4)20? (15)
II

for all n =1, 2, 3, ... and, inasmuch as Xip =(k£, Aq ) > ®whenn + «, obviously inequality
(15) holds true when cq = =, Accordingly, condition (15) is satisfied within the scope of
the phenomenological heat-conduction theory. Here Ry = Ry, = 0.

[~}
Let &p > 0 for all n<(me. Then
Ch > 4h,, a?. (16)

When heat propagates through a body at a velocity which satisfies inequality (16), then,
allowing an error eo for all t & [0, =), one can describe the process by the classical heat-
conduction equation.

Estimate (16) indicates also that, at any arbitrarily high but finite velocity of heat
propagation through a body, the solution to problem (1)~(3) will always contain a hyperbolic
part.,

Let §, < 0 for all n., Then, taking into account the properties of the roots of Bessel
functions J (x) and J;(x) (with v > —1), we can write

c5 << 4hia®. (17}

When heat propagates through a body at a velocity which satisfies inequality (17}, then the
hyperbolic equation must be used for calculating the temperature field in the body and, more-
over, Ro = 0. Estimate (17), with roots (14) for all n, yields the estimate for the geo-
metrical dimension of the region

0 << max R\’,<g)-‘—(—n—)a and 0 <<max Ri'< Q—b?@a

q Cq
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where the thermal process corresponding to, respectively, boundary-value problems I and II
is describable by the hyperbolic equation. For bodies with axial symmetry, where b, (1) =
2.4048856 and ba(l) = 3.8317060 [6], the size of this dimension is, respectively,

0<<min R{<<c-107%m; 0<<min R}'<<¢;-107¢ m

The values of constants c and c, depend on the material. For aluminum, copper, steel, iron,
gold, and cork they are 0.14576 and 0.23225, 0.,1622 and 0.2584, 0.05185 and 0.08253, 0.06713
and 0,10695, 0.1746 and 0.2782, 0.43026 and 0.68553, respectively. Quite evidently,kfhe
region within which the thermodynamic equilibrium stabilizes is wider under the conditions
of boundary-value problem II than un@er the conditions of boundary-value problem I.

For bodies with central symmetry, where 8 - «, Eq. (6) with the Bessel function J, (x)
expressed through algebraic and trlgonometric functions of x [3] can be written as

_v/ $nhR”2__0
leﬂ

I
Then A, = nﬂ/Rl/a and condition (17) yields the estimate

a
min R}/Q — 2,
Cq

indicating that in this case the width of the region where the hyperbolic equation (1) for
v = '/, describes the thermal process is equal to the width of the region [7] where the
equation

with initial conditions (2) and boundary conditions of the first or the second kind describes
the temperature distribution,

When g = 0, then the eigenvalues Ail are determined from the transcendental equation

5, < n?\,”
/ 2 ( 1 )2 &1 RI/Z COS;»IIRI/2> . 0,
\

-
l“Rib %“le
and Ay < Xa < ks € vev < A < ous. The estimate for the geometrical dimension is then
2 11
maXR1/2 }\’na .

q

Using A¥I = 1,16238 [1], we have calculated min RE}g for aluminum, copper, steel, and irom,
for which it does not exceed 0.07045¢107°, 0.0783¢107°%, (.02503¢10"°%, and 0.03244107° m,
respectively. An analysis of the values obtained for Ry7a and R%/n [7] reveals that the
region within which the thermodynamic equilibrium stabillzes is now narrower under the condi-
tions of boundary-value problem II than under the condition of boundary-value problem I.

Relation (15) indicates that in the case of a thermal process describable by the para-
bolic heat~conduction equation (c = ») the region is as wide as the entire body. From con-
dition (16) follows
26, (my)a —R; RI'> 2b, (my)a

Cq ¢y
i.e., the classical equation of heat conduction applies, within an accuracy down_to €o, to
bodies with geometrical dimensions no smaller than R, and Rz, When R% < Ry or R;” < Rz in
boundary-value problems I and II, respectively, then thermal processes in symmetric continu-
ous bodies must be described by the hyperbolic equation.

R‘17> = R2i

The transitional part of problem (l) (3) appears when number no is such that ¢q = 2\, @
i.e., Cq satisfies the equation
¢ / ) c R —o.
2a V’“( 2a )* ﬁ”( 2

According to estimates (15)-(17), in establishing the validity of either the classical or the
hyperbolic heat-conduction equation for symmetric continuous bodies, one must take into ac-
count not only the velocity of heat propagation but also the mode of interaction between the
body and the ambient medium.

1278



NOTATION

Cq = /a/Tr, velocity of heat propagation; @, thermal diffusivity; A, thermal conduc-
tivity; Ty, thermal flux relaxation time; T.(t), ambient temperature at the surface r = R;
qy(t), thermal flux in the radial direction at the surface; B, coupling coefficient char-
acterizing the boundary conditions of the first or the second kind (B = 0 in the second kind,
B » « in the first kind); and 2v + 1 = 0: with v = 0 we have axial (cylindrical) symmetry and
with v = */, we have central (spherical) symmetry.
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